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Abstract. We study the Benjamin-Ono equation, posed on the torus. We 
prove that an infinite sequence of weighted gaussian measures, constructed in 
our previous work, are invariant by the flow of the equation. These measures 
are supported by Sobolev spaces of increasing regularities. As a by product 
we deduce informations on the long time behaviour of regular solutions. To 
our knowledge this is the first result which gives an evidence about recurrence 
properties of the Benjamin-Ono equation flow. 



1. Introduction 



This paper is a sequel of our previous works J23J [24] . It deals with the long time 
behaviour of the solutions of the Benjamin-Ono equation, posed on the torus. The 
Benjamin-Ono equation is a fundamental dispersive equation modeling the propa- 
gation of long small amplitude internal waves. It is less dispersive than the famous 
KdV equation (which models surface waves). Let us recall that the Cauchy problem 
analysis of this equation turned out to be quite interesting (see [iTl [9l [T5l [2ll [T6] 1. 
To our best knowledge, the long time behaviour in the periodic case for large data 
is a widely open problem. The main goal of this work is to make a progress on 
this question by constructing invariant measures. Therefore, thanks to Poincare's 
theorem, we show an evidence about recurrence properties of the Benjamin-Ono 
equation flow. We point out that the measures are supported by Sobolev spaces 
of increasing regularities and consequently our result is of importance for the dy- 
namics of regular solutions as well. We also note that for the KdV equation more 
precise evidences of the recurrence of the flow are known (see e.g. [HI [101 12] )■ 
Our approach uses heavily a probabilistic view point, both on the measure con- 
struction and the measure invariance proof. In particular, the arguments used in 
the present paper are less dependent on the properties of individual solutions com- 
pared to previous works on invariant measures for dispersive equations (see e.g. 
[2S1 [3 HI [SI El HI H21 HH US]). This roughly explains why the approach works even 
in such a weak dispersion situation. We hope that this aspect of our analysis may 
be useful in other contexts. 

Consider thus the Benjamin-Ono equation 

(1.1) dtu + Hd%u + ud x u = 

where H denotes the Hilbert transform, posed on the torus E|(2ttZ). The Sobolev 
spaces are natural phase spaces for (jl.lj) . We have that the mean value J u is 
conserved under the flow of (jl.ll) . It is therefore no restriction to study (jl.ll) for 
initial data of zero mean value (no zero Fourier coefficient). Indeed the general case 
can be reduced to the zero mean value case by considering the problem solved by 
u(t) — J u(0), which is (|1.1[) to which a harmless transport term is added. Therefore 

l 
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we will consider zero mean value solutions of (|1.1|) and we shall denote by H s the 
Sobolev space of zero mean value functions equipped with the usual norm. Thanks 
to the work of Molinet [TS] (see pQ for earlier results) the problem (jl.lj) is globally 
well-posed in the Sobolev spaces H s , s > 0. We note by <I> t , t G R the flow 
established in |15j and for every subset A C H s (with s > hxed) and for every 
tglwe define the set $t(A) as follows: 

(1.2) $ t (A) = {it(t, .) G H s \ where .) solves CU} with u(0, .) G A} 

We now recall some notations from our previous paper [23]. Smooth solutions to 
(jl.ip satisfy infinitely many conservation laws (see e.g. [13l H] ) - More precisely for 
k > an integer, there is a conservation law of (|1.1[) of the form 

(1-3) E k/2 {u) = \\u\\% k/2 + R k/2 {u) 

where H s denotes the homogeneous Sobolev norm on periodic functions and all 
the terms that appear in R k /2 are homogeneous in u of order larger or equal than 
three. In the spirit of the works [25] 02 [12], we shall define invariant measures for 
by re-normalizing the formal measure exp(— E k / 2 {u))du. Denote by \i k i2 the 
gaussian measure induced by the random Fourier series 

(1-4) E tM^ X 

n<£Z\{0} 1 1 

In (|1.4I) . {(p n {uj)) is a sequence of centered complex gaussian variables defined on a 
probability space {VI, A, p) such that <p n = ip_ n (since the solutions of (jl.lj) should 
be real valued) and (<Pn(w))„>o are independent. More precisely, we have that 
for a suitable constant c, ip n {w) — c{h n {u) + il n {u))), where h n ,l n G 7V(0, 1) are 
standard real gaussians. We have that Hk/2{H S ) = 1 for every s < {k — l)/2 while 
Mfc/ 2 ^^ 1 ^ 2 ) = 0, i-e. for large k the support of fi^/z contains quite regular 
functions. For any N > 1, k > and R > we introduce the function 

fc-2 

(1.5) F k/2 , N , R { U ) = ( II XR(E j/2 {^Nu)))xR(E(k-i)/2^Nu) - a N )e- R ^ NU *> 
j=o 

where a at = ~ f° r a sutable constant c, ttn denotes the Dirichlet projector 

on Fourier modes n such that \n\ < N, xr is a cut-off function defined as Xr( x ) — 
x{x/R) with x : M — > K a smooth, compactly supported function such that x{ x ) = 1 
for every |x| < 1. Next we state the main result proved in [24] . 

Theorem 1.1. For every k G N with k > 2 there exists a Hk/2 measurable function 
Fk/2 :R {u) such that F k / 2 ,NM.{ U ) converges to F k/2: B.{ U ) in L q {dfi k / 2 ) for every 1 < 
q < oo. In particular F k /2,n{u) G L q {dfi k / 2 )- Moreover, if we set dpk/ 2 ,R = 
Fk/2, R {u)dt l 'k/2 then we have 

(J SUpp(p fe/2 ,fl) = SUpp(/i fc / 2 ) 
R>0 

Our main contribution in this paper is the proof of the invariance of the measures 
Pk/2,R constructed in the previous theorem, provided that k > 6 is an even integer 
(a fact conjectured in [H]). 
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Theorem 1.2. For every even integer k > 6 and for every R > the measures 
Pk/2,R are invariant under the flow associated with More precisely for every 

Borel set A C H a with 2 < a < (fc — l)/2, and /or every to £ K we Ziawe 

/ F k/2M (u)dfi k/2 = / F k/2:R {u)dn k/ 2 

Let us explain the main steps in the proof of Theorem 11.21 Once the delicate 
renormalization procedure allowing to define the measures p k /2,R is performed (the 
main result in [241), the basic difficulty in order to prove their invariance comes 
from the fact that the energies E k / 2 , that are conserved for the equation (jl.ll) . 
are no longer conserved for the approximated problems (see (|4.2p below) as long as 
k > 2. However they are formally conserved in a suitable asymptotic sense which in 
the Benjamin-Ono case is very weak. Such an asymptotic conservation property is 
quite delicate (if possible) to be established for individual solutions on the support 
°f Pk/2,R- Here we prove such an asymptotic conservation property only in an 
averaged sense and thus the main point in the proof of Theorem 11.21 is to reduce 
the analysis at time t — 0. This is possible thanks to a key property at t = first 
introduced in our previous work |24j which enables one to invert the limit as the 
dimension goes to infinite with the limit as time goes to zero. We also underline 
that the deterministic estimates used in this paper are rather classical since we are 
mainly focused on high order conservation laws. In the proof of Theorem ll.2l it is of 
importance that we use the approximation flows, first introduced by Burq-Thomann 
and the first author in [8]. 

As already mentioned, thanks to the Poincare recurrence theorem (see e.g. [25J ) . 
we have the following corollary of Theorem 11.21 Let us notice that very few results 
of this type are known for large data nonlinear hamiltonian PDE's. 

Corollary 1.3. Let k > 6 be an even integer and < a < (k — l)/2. Then the 
solutions of the Benjamin-Ono equation (|1.1[) are recurrent in the following sense: 
for /ife/2 almost every uq G H a there exists a sequence of times {t n )n>o going to 
infinity such that 

lim \\$ tn (u ) - u \\h<> = 

n— >oo 

We believe that the result of Theorem ll.2l is true for every k (even or odd). Here, 
we restrict our attention only to the case of even k > 6 since it already contains 
the phenomenon we would like to describe. Let us briefly explain what we think 
remains to be done in order to get the invariance of all measures p k / 2 ,R- In the 
case of odd k > 7 one should rework the second main result of [24]. This would 
require an additional orthogonality argument compared with |24j . In the case of 
small k a more sophisticated deterministic analysis, related with the low regularity 
well-posedness theory of the Benjamin-Ono equation, should be involved. 

The rest of the manuscript is devoted to the proof of Theorem 11.21 Next we fix 
some notations. 

Notation 1.4. For every N we denote by ttn the projector on the first n Fourier 
modes with \n\ < N and tt > n = 1 — t^n ■ 
For every p £ M, r > we set 

BP(r) = {u&HP\\\u\\ HP <r} 
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We denote by 4>t the flow associated with the Benjamin-Ono equation. The corre- 
sponding truncated flow will be defined along section ^ 
We denote by B(H S ) the cr-algebra of Borel subsets in H s . 

The randomized vector (p fc / 2 ( w ? x ) * s defined in (| 1 -4[) with oj delonging to the proba- 
bility space (fl 7 A,p). We denote by the associated Lebesgue spaces L q (Q,A,p). 

2. On the structure of conservation laws 

The main result of this section is Proposition ^. 21 First we recall some notations 
introduced in (24] to describe the structure of the conservation laws satisfied by 
solutions to (|l.ip (for more details see Section 2 in [24] ) . 

Given any function u(x) G C°°(S 1 ), we define 
Vi(u) = {a>,M>| ttl eN}, 

P 2 (u) = {^m^m, (H^ 1 !*)^^, (^'^(ffS^^lai.aa e N} 
and in general by induction 

k 

Vn{u) = { JJfr«p A (tt)|ii, ...,ik 6 {o, 1}, 
1=1 

k 

^2 31 = n,k G {2,...,n} and p n (u) G "P,,(u)} 
\=i 

where H is the Hilbert transform. 

Remark 2.1. Roughly speaking an element in V n {u) involves the product of n 
derivatives d" 1 u, .. 7 d" n u in combination with the Hilbert transform H (that can 
appear essentially in an arbitrary way in front of the factors and eventually in front 
of a group of factors). 

Notice that for every n the simplest element belonging to V n {u) has the following- 
structure: 

n 

(2.1) l[d«'u,a t eN 

i=l 

In particular we can define the map 

V n {u) 3 p n {u) p n {u) G V n {u) 

that associates to every p n {u) G V n (u) the unique element p n (u) G V n {u) having 
the structure given in (12. ip where d^u, <9" 2 u, d" n u are the derivatives involved 
in the expression of p n (u) (equivalently p n (u) is obtained from p n (u) by erasing all 
the Hilbert transforms H that appear in p n (u)). 
Next, we associate to every p n {u) G V n (u) two integers as follows: 

n 

iip n (u) = Y\_dx iu then 

i=l 

(2.2) \Pn(u)\ := sup Cii 
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and 

n 

(2.3) IM«)lh=I> 

i=l 

We are ready to describe the structure of the conservation laws satisfied by the 
Benjamin-Ono equation. Given any even k G N, i.e. k — 2n, the energy E k / 2 has 
the following structure: 

(2.4) E k/2 (u) = \\u\\% n + c 2n (p) J p(u)dx 

p{u)E*Pz(u)s.t. 



+ Y c 2n (p) J p(u)dx 



p(u)£Vj(u)s.t.j=3,...,2n+2 

||p(«)||=2n-j+2 
\p(u) | <n— 1 

where c 2n (p) G R are suitable real numbers. Observe that the above representation 
is not unique. For example J ud x ~ 1 ud"u which is a priori in the second term 
in the right hand-side of (|2.4[) can be written, after an integration by parts as 
— \ J 9a;M(9™ _1 u) 2 which transfers it to the third term in the right hand-side of 

(1211). 

For the sake of completeness and since we shall need it in the sequel we recall that 
for k G N odd, i.e. k = 2n + 1, the energy Ek/2 has the following structure: 

(2.5) E k/2 {u) = ||it|[|- n+1/2 + Y c 2n+ i{p) p{u)dx 

p(u)£Vj(u)s.t.j=3,... ,2n+3 
||p(u)||=2n-j+3 

| <n 

where C2 n +i(p) G M are suitable real numbers. 

The main result of this section is the following proposition concerning the struc- 
ture of E k / 2 with k even. 

Proposition 2.2. Let k = 2(m-\- 1). Then one may assume that the only term of 
the second term in the right hand-side of (|2.4[) is given by 



c J u(Hd™u)d™ +1 udx 

for a suitable constant c. 

Remark 2.3. A similar statement holds for k odd. We do not include it here, since as 
we already mentioned, in order to avoid some additional technicalities, we decided 
to restrict our attention to k even (and large). 

Proof. We shall follow the Matsuno book [T3] where it is studied the structure of 
conservation laws satisfied by solutions to 

(2.6) d t u + Hd 2 x u + Aud x u = 

Notice that u solves (|2.6[) iff \u solves As a consequence one can check 

that it is sufficient to prove the proposition by assuming that energy E m+ \ is 
the one preserved by solutions to (12.61) (and not by solutions to (|1.1[) . which is 
the true equation we are interested in). In fact, the structure of the conservation 
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laws respectively associated with and (|2.6|) . are strictly related modulo some 
multiplicative factors which are suitable powers of 1/4. 

Following Matsuno we have that the conservation laws E k / 2 (satisfied by solu- 
tions to <\2M ) are obtained as follows. First, given any function it, we introduce 
the power series 

oo 

(2.7) w(u) = J2^n(u)e n 

n=l 

where w n {u) are densities that satisfy 

(2.8) - eiP-W x + (1 - e-' w ) = eu 

and P_ = i(l — \H) is the projector on negative frequencies. Then the quantities 
J w n (u)dx are preserved along the evolution of the Benjamin-Ono equation (|2.6I) . 
Notice that in this language the conservation laws are parametrized by the natural 
numbers n G N (and not by the rationals k/2 with k G N). More precisely the 
conservation law E k / 2 (for every k G N) corresponds to J uik+2{u)dx. 
Notice that the content of the proposition concerns the expression J ui2m+i{u)dx. 
By developing e~ w then by (|2.8[) we get: 

w w 

(2.9) - (\P-w x + (to - — + — - ...) = eu 

By inserting (|2.7|) in ()2.9[) and computing the terms appearing in front of the 
corresponding powers of e, we obtain that w\(u) — u and for n > 2, 

n 

(2.10) w n (u) = iP-d x w n ^ 1 (u) + ^2 ^2 c (ji,---Jk)w jl (u)---w :jk (u) 

k=2 ji-i hj'fc=n 

j'fc>l 

for suitable constants c(ji, . . . ,jk)- Using a recurrence on n, we deduce from (|2.10[) 
that w n (u) is a sum of homogenous expressions of u of order between 1 and n. Thus 
we can write 

(2.11) w n (u) - u£(u) + w%(u) + w°(u) + w r n {u) 
where : 

w„(u) denotes the terms that appear w n (u) which are homogeneous of order 1; 
u)Q(u) denotes the terms that appear w n (u) which are homogeneous of order 2; 
w^(u) denotes the terms that appear w n (u) which are homogeneous of order 3; 
ui^(u) denotes the terms that appear w n (u) which are sums homogeneous terms of 
order > 4 (here L, Q, C, r stand for linear, quadratic, cubic and remaining). 

The content of proposition is related with the structure of J W2 m+ i{u)dx . 
We substitute (j2~TT|) in ([2TTU|) to get w{{u) = u and for n > 2, 

w^(u) = \P-d x w n -iu 

Therefore using that P 2 = P_ , we obtain that 



u£(u) - \ n P-d2~ l u = -i"(l - iPOdrV Vn > 2 



INVARIANT MEASURES FOR BO 



7 



Next, we study the structure of w®(u). We have wf(u) = 0. We substitute (|2.1ip 
in (|2.10|) and we observe that only k — 2 contributes to give a quadratic expressions 
which yields 

(2.12) «£(«)= LP_0 a «£_ 1 (u) + ]T c(ji,iaK(«K(«) 

Ji J2>1 

We now turn to w^(u). We have that (u) = wj?(it) = 0. For n > 3, we again 
substitute (|2.11j) in (|2.10l) and we observe that only k = 2, 3 contribute to give a 
cubic expressions which yields 



(2.13) ti£(u) = iP_a !B ti£_ 1 (u)+ J2 rti>h)Uji(»)*>?M 

jl+j-2=n 

h J2>1 

+ 51 c C?i>J2i h)wj 1 (u)wj 2 (u)wf 3 (u) 

We now introduce a notation. We note by A the identity map while for n > 1, 
the notation A™ stays for an operator of the form (ci + C2-ff)9™, where ci, C2 are 
constants. Therefore, we may write w„(u) = A n_1 (u), n > 1. We have the following 
lemma. 

Lemma 2.4. Forn > 3 ; i/ie expression J w„ (u)dx can be written as a combinations 
of terms of type 



(2.14) / A J1 (u)A j2 {u)A 13 {u)dx 

where ji + j 2 + 33=11 -3. 

Proof. We first notice that / iP-d x w^_ 1 (u)dx = 0, hence by integration of (|2.13|) 
we deduce 



(2.15) J W C(u)dx= c(ji,h) J (t*)da; 

+ X] c Uuh,h) / wf^^w^i^WjJ^dx 



31+32— n 

3l ,32 > 1 



31+32+33=™ 
31 ,32 J3>1 

Since w^(u) = A" _1 (u), n > 1 it follows that the second term on the right hand- 
side in (|2.15j) has the claimed structure. Next we turn to the analysis of the terms 
J Wj^ (u)Wj 2 (u)dx which are involved on the structure of the first term in the right 
hand-side of (|2.15p . For that purpose we invoke the following lemma. 

Lemma 2.5. Let j > and k > 2. Then the expression J A J '(u)w?(u)dx can be 
written as a combinations of terms of type (|2. 14p with j\ + 32 + jz — k + j — 2. 

Proof. We perform an induction on k. Since (u) = cu 2 , we obtain that 
A i (u)w$(u)dx = c [ A j (u)A uA°udx 



8 



NIKOLAY TZVETKOV AND NICOLA VISCIGLIA 



Thus the claim holds for k = 2. Next, for k > 3, we can write 

Ai(u) W Q(u)dx = J V(u)(iP-d x w<3_ 1 (u)+ <j 1 ,j2)w^ 1 {u)w^{u)y x 

jl+j-2=k 

jl J2>1 

where we have used f)2 . 12[) . Using once again that w^{u) = A" _1 (w), n > 1, we 
obtain that for ji + ji = k, the expression 



has the claimed structure. It remains to analyze 

A j (^P-dxW^i^dx 



If we denote by P+ = |(1 + ii/) the projection on the positive frequencies, we have 
that J P-(f)gdx — J fP + (g)dx and therefore 

A^'(u)P_5 x u;^_ 1 (u)da; = - f P+d x A j {ujw^i^dx 



The key observation is that P + d x A : >(u) can be written as A- j+1 (m) and therefore we 
are in a position to apply the induction hypothesis. This completes the proof of 
Lemma 12.51 □ 



Using Lemma [2.5l we obtain that for jx+j% = n, the expression J (u)w® 2 (u)dx 
can be written as a combinations of terms of type (12. 14[) with ji + j 2 + js — n — 3. 
This completes the proof of Lemma 12.41 □ 



Let us now complete the proof of Proposition 12.21 Thanks to Lemma 12.41 the 
only terms which can eventually appear in the second terms of the left hand-side 
of (l2~4l are 



111 = J ud r x n ud x n+1 (Hu)dx, IV = J ud^(Hu)d^ l+1 (Hu)di 



We can write 



I = -\J d x u{d™ufdx, W = -\J d x u(d x n {Hu)) 2 dx 

and therefore / and IV can be transferred to the third term in the right hand-side 
of (|2.4[) . Next, we can write 

III = -II- J d x udi n ud™(Hu)dx 

The expression J 9 x (M)9™(M)9™(i?u) can also be transferred to the third term in 
the right hand-side of (|2.4|) . Therefore the expression // is the only one which 
remains in the second terms of the right hand-side of (|2.4j) . This completes the 
proof of Proposition 12.21 □ 
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3. Estimates for jtE j/2 (n N $^(u) 

For any given TV we introduce the Cauchy problems 
, ^ ( d t u N + Hd 2 x u N + TTN({^NUN)d x (Tr N u N )) = 

The corresponding unique global solutions (that exist provided that uq G H s for 
some s > 0) are denoted by 

(see section |4] for more details on the truncated problems defined above). We 
shall need the following functions (where k = 2(m + 1) is an even integer as in 
Theorem [OK: 

(3.2) G N {u) = ^-(E m+1 (ir N (¥ N u)) 

at V / t=o 

(3.3) H N (u) = ^( S (m+i/2(7rv($5vu)) t=o 

(3.4) L*(u) = ^(% /2 ( 7 r^($* v t t )) t=o ,io = 0,...,2m 

defined on the probability space (H s , d^, m +i) for s < m+1/2. We have the following 
key property. 

Proposition 3.1. Let q G [1, oo) and m > 2, then we have: 

2m 

JV^oo (ll G ^( U )H^(^ m+1 ) + \\HN{u)\\ Lq{d ^ m+l) + II^WIUn*m+l)) = 

30=0 

The main tools involved in the proof of Proposition ^ . 1 1 are in [53] . More precisely 
we recall below Lemma 9.1 and Lemma 10.1 in 

Lemma 3.2. Let u(x) — Ylj=-N c j e ^ x w ith Co = 0, and u + (x) — J2f=i c j e ^ x > 
X^j=— jv c j^ x ■ Then the following identities occur: 



(3.5) J u(Hd™TT >N (ud x u))d™ +L udx 

= E fl j[/ *>Ar(^u + ^- J ' +1 « + )*>AK«-$r +1 «-) 

i=i J 

-n >N (diu-d™-J +1 u-)Tr >N (u+d™ +1 u + )dx] 
for suitable coefficient aj G C; 

(3.6) / u(Hd™u)d™ +1 -K >N {ud x u)dx 



m „ 

= I>[ / K >N {dlu+d™-i +1 u+)n >N (u-dl n+1 u 

3=1 3 

~n >N {diu-d n x l - 3+1 u-)K >N {u + d n x l+1 u+)dx\ 
for suitable coefficient bj G C. 
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: E(TT N (u N (t))) lt=Q 



Lemma 3.3. The following estimate occurs : 
(3.7 V -jT—r =0(— -) asN^oo. 

\n+m\>N 
0<|n|,|m|<JV 

We shall also need a concrete representation of the function 

d_ 
It' 

where E is one of the energies Ej/ 2 which are preserved along the flow of (jl.ip , and 
UN(t,x) are solutions of (|3.ip . 

In the sequel we shall use the notations introduced in Section [2j Given any p(u) £ 
U^ 2 7- > n(w) and any WgN then we can introduce p* N {u) as follows (see Section 8 
in [24] for more details). Let p(u) be such that 

n 

p(u) = U d - iu 

i=l 

(see Section [2] for the definition of p(u)) for suitable < a.\ < ... < a n and 
a, £ N. First we define p* N (u) as the function obtained by p(u) replacing d^^u) 
by d^(Tr >N (ud x u)), i.e. 

( 3 - 8 ) Pi>(«) =P( U )|9^«=9°*(t>^(«^«))' yi = 1 '"' n 

where 

b'l>iv 

We now define p%(u) as follows: 

rt 

Pat( u ) = ^Kat(u) 
1=1 

The following propositions follow by section 8 in [2~4"j . 



Proposition 3.4. For every fixed integer n £ N and /or every N £ N we have: 
d 

dt J 



d f 

— E n (7T N (u N (t))) = ^ C 2n {p) / p^(7rjv(MAr(t)))dx 



p(u)ep 3 («)«■«• 



+ c 2 „(p) J p* N (ir N (u N (t)))dx 



p(u)eVj(u)s.t.j=3,...,2n+2 
||p(«)||=2n-i+2 
|p(ti) | <n— 1 

where u^{t,x) solves (13. ip and C2 n (p) are the same constants that appear in 



Proposition 3.5. For every integer n £ N and /or every N £ N we have: 
d_ 
dt 



d F 

-r;E n+l /2{-KN{uN{t))) = ^2 C2n+i{p) I p* N {-KN{u N {t)))dx 



p(u)eVj(u)s.t.j=3,...,2n+3 
||p(u)||=2n-j+3 
\p(u) | <n 

where Upf(t,x) solves (|3.ip and C2 n +i(p) are fie same constants that appear in 
(1231). 
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Proof of Proposition\371\ We first prove that limjv_>. 00 || Gat (i*) || (d/x„ l+ i ) 

= 0. In 

fact by combining Proposition 12.21 with Proposition 13.41 it is sufficient to prove 



(3.9) 



lim 



p* N (ir N u)dx 



= 



( i.e. lim / p^(TT^ip(oj))dx = where <p(u>) — <p m +i(oj) is defined in p. 41) ) 

N^-oo J Lj, 

p(u) = u(Hdl n u)d™ +1 u 



with: 
(3.10) 
and 



(3.11) 



2m+4 

P (u)e |J Vj(u) 

i=3 



with |p(u)|| = 2m — j + 4 and |p(it)| < m. 

First we treat the case (I3.10[) . In this case we can write explicitly 
p* N (u) = ir >N (ud x u)(d™Hu)d™ +1 u 

+ ud r x n (TT >N H(ud xU ))d™ +1 U + u{d™H U )d™ +l {-K >N {ud x u))). 

Hence we get 

J p* N (n N (ip(uj)))dx = I n {uj) + II N (ui) 

where 

(3.12) I N (w) = [ ^(^(^^(^(wJjJ^^CwJJ^+VffH^ 



(3.13) II n (lu) = I ^( W )(9™^ >Ar (^ A r( w )(a^ J v( W )))^ l+ Vjv(^)) 

+tp N (w) (Hd™ip N (uj))d™ +1 (ir >N (ip N (uj)d x (<p N (u)))dx 

<Pn{u) Jnx 



and 



-N<n<N 

In order to estimate In(w) notice that 



lm+1 



I N (w) = I (lC >N (p N (u)d x lplsr(u))(d™HipN(u))d™ +1 (pN(u)dx 

WiM ^- 2 (w) <ft 3 M, 



E 



0<\h\,\h\,\h\,\u\<N 

\ji+j 2 \>N 

31+32+33+34=0 



where 



Sjj ,12,33,34! = 1 an< ^ hence by the Minkowski inequality 

1 



\I N (u)\\ Ll <C 



0< I J'l I , I J2 I , I J3 I , b'4 I < JV 

\j±+h\>N 

3 1+32+33+34=0 



Ul| m+1 |j2| m |j3| 
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< c 



0<|j 3 |<AT 



o<b'i|,|j2|<iv 

\ji+h\>N 



= O 



/ln 2 iV\ 
\ N J 



where we have used Lemma l3.3l 

Next we estimate JJjv(w) (see p. 131) ). By Lemma T3. 2 1 it is sufficient to prove that: 



(3.14) 

and 
(3.15) 



7 r >w (^^(w)a™- J+ V w ^))^> J v(^^^)a™ + v^^))^ 



7r >Ar (a^+( w )a™-^ + V^^))^>iv(^^( w )5;"+v w ^))^ 



0(1) 



= o(l) 



as N — > oo, Vj = 1, .., m 

Indeed the most delicate cases are j = l,m. Moreover p. 141) and (13.151) can be 
treated by a similar argument. We shall focus for simplicity on (|3.14[) in the case 
j = 1 (the case j = m is similar) , i.e. 



lim / n >N ((p+(u)d^ +1 (pj f (u))TT >N (d x ^ N (u})d r x n (p N (u}))dx 

A > x J 

Notice that we have 







£1 



E 



Q< b'i I . b'» I , lis I , I j* I < 
ii,i2>o,i 3 ,i 4 <o 
|ii+j2|>JV 

2l+j2+j3+i4=0 



bii m+i 



1.73 



|J4| 



and hence the estimate above follows from the following inequalities: 



lim sup 

N— s-oo 



E 



0< | Jl I , I J2 | , | J3 I , b"4 | < JV 
jl ,j2>0,j 3 ,ji<0 

\ji+h\>N 



^prr^M 



E 



lis 



l 



I.i4 



< lim sup C . ... i • 

.... . frf.. 1<N Ji m+1 j3 m U 

\j3+ji\>N 



< C lim sup ( 



1 



E 



1 



0<\j 3 l\ji\<N 

b'3+i4|>iV 



|j3| m |j 4 | 



= o 



/\nN\ 



0<\h\<N 

where we have used Lemma l3.3l at the last step (recall that by assumption m > 2). 



Next we prove p.9p by assuming p. lip . In particular we treat the case p(u) £ V^(u) 
with 

|p(u)|| = 2m + 1 and \p(u)\ < m 
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We treat for simplicity the case p = d^ud^udju with sup{a,/3,7} < m, a + 
(3 + 7 = 2m + 1 (the same argument works for every p(u) 6 Vz(u) such that 
p(u) = d^ud^ud^u). Hence we get 

p* N (tp N (uj)) = I n (uj) + II N (u) + IIIn{u) 

where 

I n (uj) = / d™(Tr >N (<p N (u)d x ip N (ui)))dP(p N (u;)d2<PN(u)dx 



IIn(w) = J d^(p N (uj)d^ (n >N (tp N (uj)d x (pN(u})))d2tpN(u)dx 
III N (u) = J d^(p N (ij)d^ipN(u)d^(n >N ((p N (ijj)d x ip N (u)))da 



We shall prove that 



lim ||7jv(w) II i« = 

N-too " 



(and in a similar way we can treat IIn(uj) and 1 1 In (to)). By the Leibnitz formula 
it is sufficient to prove 



lim 

JV-s-oo 



TT >N {d x (p N {u)d* : ' +1 ip N (uj))d^ip N (uj)d2(pN(^)dx 



= 



Vj = 0, a 

We shall treat the case j = and all the other cases can be treated in a similar 
way. More precisely we shall prove that 



lim 

AT-s-oc 



7T>JV 



(ip N (uj)d% +1 ip N (uj))dPtp N (uj)d2<PN(uj)dx 



L'i, 







Notice that we have 



J n >N (tp N (Lu)d% +1 (p N (Lj))dPtp N (Lj)d2tpN(u)dx 

^2 yjiH <£hM <£hM <PjAu) 



biMj2|,li 3 |,b4|e(o,JV] 

\ji+h\>N 



\ji\ m+1 |j 2 | m - Q \h\ m+1 ~ \h\ m+1 -~< 



and hence by using the triangular inequality we get 

J n >N (Lp N (uj)d^ +1 (p N {uj))d^(p N (uj)d2(pN(^)d3 

1 



< C 



E 



|j 1 |m+l|_ 7 - 2 |m-a| J - 3 |m+l-^|^ 4 |m+l- 7 



Ud,|j2|,b-3|,|j4|e(o,JV] ; 
\h+h\>N 

Jl+j2+j3+j4=0 

Next we consider three possible cases: 
First subcase: a= 1, f3 = j = in 
In this case we get 

J (tt> n <p n (w ) 9" + Vat ( w ) ) d^ipN ( w ) 82 fN ( w ) dx 
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< c 



E 



b'i|,b'2|,|j4|e(o,iV] 
\ji+h\>N 



|jl| m+1 |j2| m - 1 |j 4 | 



< 



( ^„li4|)(„,,.^^„ liil^liah- 1 ) °( ) 



o<b'il,b 2 |<JV 
b'i+j2|>JV 



0<\u\<N 

where we have used Lemma 13.31 
Second subcase: a < j3 — 7 < m 
In this case we get 

{■n >N ip N {uj)d^ +l ip N {uj))d^ip N {uj)d2^ N {ijj)dx 



< C 



E 



\h\,\h\,\h\,\3i\&{0,N] 
\h+h\>N 



Ijir+'IAHAI 2 



1 



o<b'i|,b' 2 |<Jv. 



Iii| m+1 |j2| 



o<b' 4 |<JV 

where we have used Lemma 13.31 
Third subcase: a < /3 < 7 < m 
In this case we get 

0>Af M<9" + Viv M)df (fN (u)d2(fN (u)dx 



< c 



E 



1 



\h\ m+1 \h\\h\ 



b'i|,b2|,b 3 |,b4|e(o,Af] 
\h+n\>N 

and we can conclude as in the previous case. 

The proof of (|3. 91) under the assumption S Vj{u) with j = 4, ...,2m + 4 

and 

= 2m — j + 4 and |p(ti)| < m 
can be done by a similar argument as above. 



2m 



By Propositions 13.41 and 13.51 the proof of 



Jim \\H N (u)\\ Lq ^ 

N— too 



J'o=0 



follows from 



lim 

JV— s-oo 



P* N (lTNu)dx 



= 
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where: 

2m+3 

p(«)e |J Vj(u), 

3=3 

such that ||p(w)|| < 2m and \p(u)\ < in. Those estimates can be done arguing as in 
the proof of (|3.9[) under the assumption (|3.11[) . We skip the details. This completes 
the proof of Proposition 13. II □ 



4. Some deterministic results 

We shall study qualitative properties of solutions to the following Cauchy prob- 
lems: 



(4.1) 

and (for every fixed N 6 N) 



d t u + Hd 2 u + ud x u = 
u(0) = u 



, , J d t u N + Hd 2 x u N + Tr N ((ir N u N )d x {ir N u N )) = 

[ ' \ «(0) = u n 

The corresponding unique global solutions (that exist provided that uq € H s for 
some s > 0) are denoted respectively by 

u(t, .) = $t(u ) and u N (t, .) = *f (« ) 

Indeed, in the case of (|4.2I) . to get the global well-posedness one simply needs to use 
that the frequencies > TV evolve linearly, while the other frequencies evolve under 
an ODE with a conserved L 2 norm. For every subset A C H s (with s > fixed) 
and for every t £ R we define the set (A) as follows: 

(4.3) $?{A) = {u N (t, .) e H s \ where u N (t, .) solves (g^J with w G A} 

Recall that the definition of $t(A) is given in (|1.2j) . The main result of this section 
is the following proposition. 

Proposition 4.1. Lei 2 < s < a be fixed and R > 0. TTien i/iere exists i = t(R) > 
swc/i that for every e > £/iere exists Nq(s) with the property 

$t(A) C $ t (A) +B s (e), VN > N (e),Vt E (-?,*), VA c B a (R) 

First we prove some lemmas. 

Lemma 4.2. Let R > and T > &e /ixed, then 

sup ||$t(w )||_H-2 < oo 
te[o,r] 
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Proof. We shall use the following energies (see [13]) that are preserved (along the 
evolution) by solutions to (|4.1j) : 

Eo(u) = H|| 3 ; 

1 



E 1/2 (u) = \\u\\jj 1/2 +- J u dx; 
Ei(u) = \\u\\\ x + ^ J u 2 H{u x )dx + ~ y u 4 eb; 



^3/2 (u) = |M|| 3/2 - / [-«(m x ) 2 + -u(Hu x ) 2 ]dx 



1 1 1 f 

-u 3 H(u x ) + -u 2 H{uu x )]dx - — I u 5 dx; 

E 2 (u) = \\u\\ 2 ^ 2 J[(u x ) 2 Hu x + 2uu xx Hu x ]dx 

+ Y6 J t 5 " 2 ^) 2 + u2iJ K) 2 + 2uH(u x )H(uu x )]dx 

+ I \—u A H(u x ) + —u 3 H(uu x )]dx + — [ u 6 dx 
J L 32 V x > 24 V xJS 48 7 

The conservation of i^o implies 

(4.4) sup ||$ t (u )|| L 2 < oo 

te[o,T] 

u eB"(R) 

Next we focus on the control of the iJ 1 / 2 -norm. First notice that by elementary 
estimates 

(4.5) sup \E 1/2 (u )\ <C( sup \\u a \\ H *) 2 + C( sup ||u ||h-) 3 < oo 

u eB"(R) u eB"(R) u eB"(R) 

Moreover by combining the estimate 

(4.6) ||$ t MII 3 L 3 < II^MII^tWII^ 2 < C\\Muo)\\% 2 \\Muo)\\^ /2 

(where we used the embedding H 1 / 2 C L 6 ) with the identity Ei/ 2 (§ t (uo)) = 
E\/ 2 (uq), then we get 

||$ t M|| 2 ffl/2 <C||$ t M||i / 2 2 ]|^MI|^ 2 /3 + sup \E 1/2 (u )\ 

u eB<*(R) 

By combining this estimate with (|4.4I) . (I4.5[) then we conclude that 

(4.7) sup ||$tM|| H i/2 < oo 

te[o,T] 

u eB°(R) 

The estimate 

(4.8) sup ||$i(tto)|Ui < oo 

te[o,T] 

u eB a (R) 

follows by a similar argument provided that: we use the conservation law E\ instead 
of Ei/2, we exploit the bound (|4.7[) and we replace the estimate (|4.€>[) (that allowed 
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us to control the super-quadratic part of £1/2) with the following one 



- J ($ t {u )) 2 H(d x $ t (u ))dx + -J ($ t (u )) 4 <fe 

< C||$ t (uo)||^||«t(«o)||^i/ 3 + C\\$> t {u )\\% 1/2 

By using the conservation law -E3/2 in conjunction with (|4.8|) then one can prove 
(arguing as above) that 

(4.9) sup ||*t(« )|| 

te[o,T] 

Once (|4.9p is established then we can similarly use the conservation law E2 in order 
to get 

(4.10) sup ||$i(uo)||ff2 < 00 

te[o,T] 

ui)£B"(fi) 

□ 



We omit the details. This completes the proof of Lemma 1472 
Lemma 4.3. Let a > 2, T > be fixed and R > 0, then 



(4.11) 



Sup \\^ t (uo))\\H" < OO 

te[o.T] 



Moreover there exists t — t(R) 6 (0, T] such that 
(4.12) 



sup 

te[o,t] 

Nen,u GB'(R) 



$f (uo))\\h* < 00 



Proof. First step: estimate for & t (uo) (uniform in time) 

Set D = (1 - dl) 1/2 . We have 

d t (D°<t> t {u )) + Hd*(D"<f> t (u )) + D a (<f> t (u )d x $t{u )) = 

Multiplication by D^^ito) in conjunction with standard properties of the Hilbcrt 
transform H and with elementary calculus gives 

1 d f 

(4.13) __||$ t ( Uo )||^ + / D°(<f> t (u Q )d x $ t (u ))D a $ t (u )dx = 

Notice that we have the following identity 

(4.14) / D a ($ t (uo)d w <Z> t (u Q ))D°$ t (u )dx = 
$ t (u )d x (D (r <Z> t (u ))D°$ t (u ) + j [D a ^ t {u Q )]d x ^ t {u )D^ t {u )dx 



By using integration by parts and the Sobolev embedding H 1 C L°°, we estimate 
the first term on the r.h.s. of (|4.14l) as follows: 

* t (uo)8 x (D*$t(u Q ))D°$ t (<u )\ < C\\$ t (u )\\ H 4$ t (u )\\ 2 Ha 

Next, we recall the following form of the Kato-Ponce (see (TT]) commutator esti- 
mate: 



(4-15) 



\\lD°J}g\\ L2 <C(\\f\\ H 4g\\ H «-i + \\f\\ H 4g\\ m ] 
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Estimate (|4.15|) is obtained in [TT] for functions on K. Its extension to periodic 
functions can be done by a localization argument. By combining (|4. 1 5|) with the 
Cauchy-Schwarz inequality, we can estimate the second term on the r.h.s. of (|4.14[) 
as follows: 

' [D a , Muo)]d x * t (vo)D°*t(<><,hlr C\ <J>, I //u l|| ||<I>, I «„) |j/ • 
Therefore, we obtained the estimate 

D^{<P t (u )d x <P t (u ))D^ t (u )dx\ < C\\$ t (u )\\ H 4<Z>t(u )\\ 2 H „ 
Hence by Lemma 14.21 and (|4.13[) we get 

™ll*t(«o)||^| < C||$ t (uo)||!„, Vu e B°{R) 
that by the Gronwall lemma gives 

SUp ||$t(M )||H- < oo 

te[o,T] 
ii a eB°{R) 

This concludes the proof of (|4.11|) . 

Second step: estimate for $f (uo) (for short time) 

Notice that the solution ujy(i, x) — $^(ito) to (|4.2[) can be splitted as 

u N (t, x) — v N (t 7 x) + wiv(t, x) 

where w^it, x) is the solution of the linear Cauchy problem 

d t w N + Hdlw N = 
w N (0) = TT >N U 

and VN(t,x) satisfies the ODE 

f d t v N + Hdlv N + n N (v N d x v N ) = 
\ v N (0) = TT N U 

Observe that ttn(vn) = Vn- Of course the i? CT -norm is preserved along free evolu- 
tion. Hence we have to control just the ff'-norm of ujv(£, %) as long as uo £ B a (R). 
It is useful to introduce the modified flow 

(4.16) £f(V) = MM) 

where vpj(t,x) is defined as above. 

By using the property \D a , tt^} — we get 

d t (D a $?(uo)) + Hd 2 x (D°^(u )) + n N D°($?(u )d x $?(u )) = 

After multiplication by D a ^^ (uq) and integration we deduce 

i|||$f(u )||^+ J n N D*(^(u )d x $?(u o ))D^?(u o )dx = 

Since ^("^(ito)) = $f r (uq), then the identity above is equivalent to 

^ll*f(«o)[[|* + I D"($?(u o )d x $?(u o ))D«$?(u o )dx = 
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Arguing as in the first step we get 



~\\^(uo)\\%.<C\\^{uo)\\h 



which in turn is equivalent to 



jJ$?(u )\\h« <C\\$?(u )\\ 2 H „ 



By the estimate above we deduce 

PfMllff- < hN(u )\\ H .+C f \\$? (u )\\ 2 H „ds 



<R + C f \\^(u )\\ 2 H „ds, Vu EB a (R) 
Jo 

that in turn implies 

sup \\^(u )\\ H , <R + Ct( sup \\^(u Q )\\ H ,) 2 , Vu €B°(R) 

se[0,t] V sG[0,t] 

Next we consider the real valued function 

x — > fn.,t(x) = x — R — Ctx 2 
and we notice that if we denote by x±(R, t) the solutions of fn.t(x) — 0, then 
x±(R,t) G R,x-(R,t) < x + (R,£) and x-(R,t) = 4R 

provided that i = 3/(160R) 

The conclusion follows by a classical continuity argument in conjunction with the 
fact that the function 

t^F Un , N (t) = sup \\*?(uo)\\h- 
se[o,i] 

is continuous and .Fu o ,jv(0) G [0,R]- 

□ 



Proof of Proposition ^ ■ 1] We give the proof only for positive times. The analysis 
for negative times is the same, modulo some direct modifications. We claim the 
following estimate 



(4.17) lim ( sup ||$ t M-$fMIU0 







e[o,t] 
u eA 



where t = t(R) is given in Lemma [4731 Notice that by interpolation we get 

||$ t M-$fMII^ < ||$tM-<Mlli 3 ||$ t M-$fMliy 

for a suitable 8 G (0, 1). By combining this fact with (|4.17|) and with Lemma [4.31 
we get 

lim ( sup ||$ t (u )-$fK)||ffO =° 

N-yoo V te [ ,t] / 

u eA 

which concludes the proof of Proposition 14.11 

Next we focus on the proof of (|4.17j) . Notice that $t(uo) — &t ( u o) solve the 
following equation 

d t (<t> t (u ) - $f ( Uo )) + Hd 2 x (<S> t (u ) - $f (u )) 
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+ 2^*((*t(«o)r - fav*t («o)) ) + g(l - 7r N )d x (7: N ^(u )y = 
Multiplication by $t(zto) — $f («o) and integration give: 



(4.18) 



2~dl 



+ - 



($ t («o) - $f (uo)) a da: 
<7, f ( <I>, ("ii) r - (^<(«o)) 2 )($ t («o) - <(«„)) 

+ ^ / (*t(«0) - $?(u ))TT >N d x (TT N $?(uo)) 2 dx = 

By integration by parts we get 

<V.,((<I>, («o)) a - (n N $»(u )) 2 )($ t (u ) ~ $?(uo))dx 

(l«I'/(tio)) 2 -(^*f r («o)) 2 )Sx(4t(«o)-4f r («o))<te 

((<I>,(«0)) 2 - fav$f («0)) a )«x(*t(«0) -TTjv^fK))^ 

(l«I't(«o)) a - ( Uo )) 2 )^(7r >JV $f («o))dr 

(^tW + 4(w«f («o)))(*t(«o)-7rjv*f («o)) a da: 
(($ t ( Mo )) 2 - (vrjv^f K)) 2 )^(7r >JV $f (««,))<& 



and hence by the Holder inequality 

1 9,(($ t K)) 2 - (TTAT^f (tio)) a )($ t («o) - $?(u ))dx 

<i(||5^ t («o)IU» + R(^f(uo))||z-)||*t(«o)-7r^ t w («o)|| 



L 2 



+(||* t (uo)lkoo + ||7r^f(«o)|| £ -)Pt(^)-<(«o)||LHI(^>iV<(tio)|| 



J 1 / 1 



Vf £ [0,i] 

By the Sobolev embedding i/ 1 C £°° we can continue the inequality as follows 



(4.19) 



0,((*t(«o)r - (TAr*?Mr)(*tM - *?(«<>))<&; 



<C||$,M-<i>fMII 2 L2 
+(||* t («o)||^ + lk^(«o)||H*)ll**(uo) - 4f MlU^pf M|| 

< cn- 2 + ||* t (« ) - $f K)||| 2 , Vt e [0,t] 
where we have used (|4.1ip and (|4. L2p in Lemma l4~3l to control 

sup {\\$ t (u )\\ H i,\\$?(u )\\ B2 } <00 

te[o,t], 

Moreover by the Cauchy-Schwarz inequality we have the estimate 
($ t (uo) - $f (u Q ))7r >JV 9 x (7r J v$f M) 2 cb 



# 2 



/< 



< ||$ t (« ) - *f (u )\\ L 2 \\n >rf d x ('ir N &? («o)) 



< ||$ t («o) - $f MIMK>w(70v$f M) 



L 2 



l^ 1 
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and hence 

VtM - *f (u ))ir >N d x {n N <Z>? {u )) 2 dx 



/' 



< ||$ t K) - *? (uo^N- 1 ]]^ (u )f\\ H , 
Since H 2 is an algebra we get 

(4.20) | /($ t (V) - $f (u Q ))7r >JV 9 x (7r J v$f K)) 2 ^ 

< C||* t (« ) - *f MlU^pf (tio)|||n 

< + ||$ t(uo ) _ <Z>?( Uo )f L2 , Vt G [0,t] 

where we have used (|4.12[) in Lemma 1431 to control sup te mji || (iio) II j/a ■ The 

proof of (|4. 17(1 follows by combining (|4.18|) . f|4.19j> . f|4.20|) with the Gronwall lemma 
(recall that $ K) - = 0)). □ 

5. Proof of Theorem 11.21 

To simplify the notations we shall denote d[i = d^k/2i Fn — Fk/2,N,R- In the 
sequel we shall always assume that 2 < s < a < (k — 1) /2. Since by assumptions 
k > 6 is an even number we can introduce to > 2 such that k = 2 (to +1). We also 
denote by B(H a ) the Borel sets in H a . We shall use the Hamiltonian structure of 
the flow $j and the finite dimensional Liouville theorem on the invariance of the 
Lebesgue measure. For every N, we denote by En the real vector space spanned by 
(cos(nx), sin(nx))i< n <Ar. Since now on we see as a flow on En, defined as the 
restriction of the flow defined by (|4.16[) to En- We denote by the orthogonal 
complementary of En in H" . We can see the measure dfi as a product measure on 
E N x E N as follows 



dfJ. = JnC "^"""ff^/a du\...duN x dfi N 
where jn is a suitable renormalization factor. The measure 



lN ^^ NU ^ k ' 2 du l ...du N 
is a measure on En while dfj, N is a measure on E N . More precisely 

N 

dui...diiN = \\ d(2a n ) d(2b n ), 

n=l 

where u n — a n + ib n , (a„, b n ) £ R 2 and 

Einx 
u n e , U n = U-„ 

0<\n\<N 

We have the following statement. 
Proposition 5.1. One has the identity: 

k-2 



In 1 I F N (u)d f i= [ J] XiJ (£ i/2 (7r iV $f(u)))x 
/$f(A) JAfJ- 



XR{E {k -i),2^N^t («)) - aN)e- E "^ N ^ {u)) d Ul ...du N x d/4 
Proof. We need the following two lemmas. 
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Lemma 5.2. The map $^ is measure preserving on En equipped with the Lebesgue 
measure du\...duN ■ 

Proof. This is a consequence of the Liouville theorem, thanks to the hamiltonian 
structure of the ordinary differential equation defining the flow < J>^ V . □ 

Lemma 5.3. The map S(t) = e~ tHd * is measure preserving on E^ equipped with 
the gaussian measure d/i N . 

Proof. This claim reflects the invariance of the gaussians distributions on M 2 by 
rotations. For a similar analysis, we refer to 20, Proposition 2.10] (which in turn 
follows the arguments in Theorem 1.2]). First of all, clearly E^ is invariant 
by S(t). For M > N, we denote by E^f the finite dimensional real vector space 
spanned by (cos(nx), sin(nx)), where N <n < M. We denote by fi^ the centered 

<M 
N 

M 



gaussian measure on Ejf induced by the series 



| n |fe/2 

n=N+l 1 1 

For U an open set of E N , we have 

(5.1) nji(U)<]mLm£n%(UnE%). 

M->oo 

Indeed, for M > N, we set U M = (u e E N \ ir M u e U). Then using that U is an 
open set, we get 



U C uminf([/ M ) = II H U* 



M=l M X =M 



and therefore t(U) < lim inf u^-oo l(f7 ) , where 1 denotes the indicator function 
of a set. On the other hand 

VL%(UM3%)= f l(U M )d» N . 

Now, (|5.ip follows by an application of Fatou's lemma. By passing to a comple- 
mentary set in (|5.1[) , we get that for F a closed of E N , 

(5.2) /4(F) >liminf^(Fn^). 

M— >-oo 

Using that H(cos(nx)) = sin(na;) and H(sm(nx)) = — cos(nx), we get 

S(t)(cos(nxj) = cos(— tn 2 + nx) — cos(tn 2 ) cos(nx) + s'm(tn 2 ) sin(na;), 

S(t)(sin(nx)) — sin(— tn 2 + nx) = — sin(in 2 ) cos(na;) -I- cos(tn 2 ) sin(nx). 

Therefore for fixed t and n the map S(t) acts as a rotation on the two dimensional 
real vector space spanned by cos(nx) and sin(nx). Hence by the invariance of the 
Lebesgue measure and the diagonal quadratic forms by rotations, any centered 
gaussian measure on the two dimensional space span(cos(nx), sin(nx)) is invari- 
ant by S(t). This implies that that the measure fj,^ (which is a product of such 
measures) is invariant by S(t). 

Let F be an closed set of E^. Then S(t)(F) is also closed and thanks to ([57 

H N (S(t)(F) +W e ) > limsup ^((S{t)F + B;) nfijf), 

M->oo 
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where B e denotes the open ball of radius e in (recall that E^ is equipped with 
the H a topology). Since S(t) acts as an isometry on H a and since E^f is invariant 
under S(t), for every e and every M, 

S{t)((F + B s )nE%) c (S(t)F + B- e )nE%. 

Therefore using the invariance of fijf by S(t) and (|5.ip . we get 

^(S(t)(F) +B~ e ) > limsxip^(S(t)((F + B e )nE^)) 

M— >oo 

= limsup/i^((F + B e )nS* f ) 
> liminf/4(F + B £ ) > fijf(F) . 

M-s-oo 

Letting e — s> and using the Lebesgue theorem we get njf(F) < fij^(S(t)(F)). 
By the reversibility of S(t), we get fijf(F) = fxj^(S(t)(F)) for every closed set F 
of E . Finally by standard approximation arguments, we obtain that fij^(A) = 
fijj(S(t)(A)) for every Borel set A of E . This completes the proof of Lemma [531 

□ 

Let us now turn to the proof of Proposition 15.11 By definition we have the 
identities 

(5.3) tt n <Z>? = $f ir N , ^ >JV $f - S(t)ir >N 

We can write 

/ Fjsr(u)dfi = / H(7TNu)dui...duN x d/i^ 

J&?(A) J*™ (A) 

where 

fc-2 

H{ir N u) = Y[xR{E 3/2 {KNu))xR(E { k-i)/2(KNu) - a N )e- E «M^M) 

3=0 

If we set dLfj = du\...duN then we have 
-ff (7T/vit)<it/jv x dfij^ = 

(A))(TT N (u),TT >N (u))H(n N u)dL N x d/i^ 



En J E 



where again 1 denotes the indicator function of a measurable set. Using the Fubini 
theorem, we get 



H(nNu)dLN x dfi N 

*f(A) 



H(ir N u)( [l(^(A))(7T N (u),w >N (u))d^dL N 



By Lemma [ 

H(tt n u)( f^{A)){ir N {u),S(t)v >N {u))d^dL N 
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By another use of the Fubini theorem, we get 

•••= / (/ Hfr N u)l@?{A))fr N (u),S{ty >N {u))dL N )diijf 
JEj, k Je n ' 

Now, Lemma l5~2l yields 

•••=/ (/ H(^(n N u))l(^(A))(^(7r N (u)),S(t)n >N (u))dL N )d^ 
Je± ^Je n ' 

Coming back to (|5.3[) . we arrive at the identity 

H(ir N u)dL N x d/4 = / H{$?(ir N u))l(<Z>?(A))(<f>?(u))dL N x d/4 



*f (A) 



H" 



Since $f is a bijection, we have that l($f (A))($f (u)) = 1(A) (u). We therefore 



obtain that 



H{n N u)dL N x d/i^y = / H($t (ir N u))dL N x d/Lijy 



/*f(A) 

A final use of (|5.3[) completes the proof of Proposition 15.1 

The next proposition plays a key role in our analysis. 

Proposition 5.4. Lei to G M. We /iawe the following: 

d 



a 



lim sup 

N ^ co te[o,t ] 



(ft 



*t (A) 



Fpf(u)dfi 



Proof. First step: estimate for t = 

We have to show 



(5.4) 



lim sup 



Fjf[u)d^i 







f(A) 



Fff(u)dfj, 



/$« (A) 

As a consequence of Proposition 15.11 we deduce 

d 

dt V J 

k-2 

Gn(u) J] XR(E j/2 ^N(u)))xRiE {k _ 1)/2 (TT N (u)) - a Ar ) e - i? */ 2 (-««)^+ 
i=o 

fc-2 

Hn(u) J] X^/aC** (u)))xk(E(fc-i)/a(M«)) - a J v)e- flfc / 2(TNu) d A1 + 

3=0 

r fc-2 

X! / L n( u )x'r( E j„/2(knu)) Yl XR{ E j/2{KNuj)xR{E [k _ 1)/2 (Tt N u) - a N )x 



-R k / 2 {ftNu) 



dfi 



where Gn(u), Hn(u), L j ^(u) for jo — 0, ...,k — 2 are respectively defined in (|3.2I) . 
(I3.3[) and (|3.4I) . Thanks to Proposition 13.11 (recall that we are assuming k — 
2(m + 1)) and the Holder inequality, we obtain 
Second step: estimate for i S (0, to) 



INVARIANT MEASURES FOR BO 



25 



We have 

4f / F N (u)dii) =limh- 1 ( [ F N (u)dii- f F N (u)dn) 

dt\J®N(A) ' V J$f +h (A) J*f(A) ' 

= limh- 1 ( / F N (u)dfi- / F N (u)dfj) 

and hence 

Uf F N (uW) _=U( F N (u)dn) 

«E V J$f(A) ' t=t U*W<I>f(A) /t=Q 

where A = (A). The result follows by the first step. This completes the proof 



of Proposition [5741 □ 
Lemma 5.5. For any given to £ R ; A <E B(H a ) we have: 



lim 

N-yoo 



F N (u)dn - / F N {u)dn) =0, Vt G [0,t ] 



Proof. It follows by the fundamental theorem of calculus in conjunction with Propo- 
sition EH □ 

Lemma 5.6. For every R > there exists t — i(R) > such that for every compact 
set K C H a , with K C B a (R) we have 

I F(u)dfi< / F(u)dfi, Vt G (-i,t) 

JK J^ t (K) 

Proof. By Lemma 15.51 we get 

/ F N {u)dfi^ F N (u)dfi + o(l), Vt G R, 

J$?(K) JK 

where lim^v-i-oo oil) — 0. Moreover fjy — > F in L 1 (d/i) and we get 

(5.5) lim / F N (u)dn= lim / F N (u)dn= / F{u)d^i, Vt G R 

By Proposition 14.11 we get t = t(i?) > such that for every e > there exists a 
suitable iVo(e) with the property 

(5.6) sup / F(u)dn< / F(u)dn, Vt G (-t,t) 

N>N a (e) J ./*t(K)+.B»(e) 

We estimate the l.h.s. as follows: 

(5.7) sup / F(tt)d/i > lim / F(u)d^ 

N>N (e)J<S>"(K) N ^°° J<S>?{K) 

On the other hands we have that K is closed in H s and since <£> t is a diffcomorphism 
on H s also is closed in H s . As a consequence we deduce 

and hence by the Lebesgue theorem we deduce that the r.h.s. in (|5.6j) converges to 
f<t> t (K) F{ u )dn as e — > 0. By combining this fact with (|5.7j) then we get 

lim / F N (u)d^< / F(u)dn, Vt G (-*,*) 
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The proof of Lemma 15.61 can be completed by combining the last inequality with 



Next we iterate the last lemma to get the following statement. 
Lemma 5.7. Let to e K. Then for every compact K C H a we get 

I F{u)d^i < / F{u)d^i 

JK J<S> tQ (if) 

Proof. We give the proof only for to positive, the analysis for negative to is com- 
pletely analogous. Notice that by Lemma T4. 31 we can fix R > such that 

(5.8) {®t{K)\t 6 [0,i ]} C B a (R) 

Next we consider t = i(R) g (0, to] given in Lemma EH] and we choose i such that 

t G (0, t] and j e N 

By Lemma IBTBI we get 

/ < / F{u)d^i 

JK ■'*t(- K ") 

Notice that by (|5.8p we have that <&i(K ) C B a (R) hence Lemma HTBl can be iterated 
and we obtain 



F(u)dix < / F{u)dn = / F(u)dfi 

By repeating this argument Nq times, where Not = to, we get 



(K) 



F(u)dn < / F(u)dfi, Vj = 1, N 

J<5> ft {K) 



and hence by the above chain of inequalities we deduce 



F(u)dii < / F(u)dfi 

This completes the proof of Lemma 15.71 □ 

Using the reversibility of the flow, we now obtain the statement. 
Lemma 5.8. Let ^ £ 1. Then for every compact K C H a we have 

/ F(u)dn= / F(u)d/J, 
Proof. Using Lcmma l5.7l we can write 



/ F(u)dfi < / F(u)dn 
Jk J<s>_ t0 (K) 



for every compact K C H a . By choosing now K — <& to (if) (notice that it is 
compact since K is compact and the flow <£> to is a diffcomorphism) , then we get 



F(u)dfi < / F(u)dfi 
'*t W Jk 

This completes the proof of Lemma 15.81 since the opposite inequality is proved in 
Lemma 15.71 □ 
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Let us now complete the proof of Theorem 1 1.2 1 Let A be an arbitrary Borel set 
in H" . It is well-known that there exists a sequence of compact sets K n C A such 
that 

lim / F(u)dn = / F(u)dfi 
™^°° J Kn J A 

On the other hands by Lemma 15.81 we have 

/ F(u)dfi = / F(u)dn < / F(u)dfj, 

JK n J<S> t() (K n ) J * t() (A) 

(where at the last step we used the property &t {Kn) C $t (A) in conjunction with 
the positivity of F(u)). As a consequence we get 

/ F(u)dn < / F(u)d/i 

J A J-S>t a (A) 

The opposite inequality can be proved by using the reversibility of the flow in the 
same spirit as in Lemma 15.81 This completes the proof of Theorem 11.21 
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